We provide a fairly simple and straightforward argument yielding all substitution invariant Beatty sequences.
Introduction
We consider sequences (f n ), where
with θ irrational and taken to satisfy 0 < θ < 1; plainly this may be assumed without loss of generality. Evidently (f n ) is a sequence of zeros and ones. Denote by w 0 and w 1 words on the alphabet {0, 1}; that is, finite strings in the letters 0 and 1 . Then the sequence (f n ) is said to be invariant under the substitution W given by
if the infinite strings f θ = f 1 f 2 f 3 . . . and W (f θ ) = w f 1 w f 2 w f 3 . . . coincide.
This situation is discussed by Brown [2] who displays non-trivial substitutions W for certain quadratic irrationals θ . Consequently Crisp, Moran, Pollington and Shiue [3] give a complete description of all θ admitting an invariant substitution. Their result agrees with the slightly different discussion of Ito and Yasutomi [5] .
Crisp et al obtain their result from the aspect of cutting sequences. Berstel and Séébold [1] give a shorter but similar proof by studying the composition of two particularly simple substitutions. In this note we provide a somewhat more mechanical but efficient and rather different argument.
Substitution invariance
, and 
The Beatty sequence (1) has been studied and generalised by many authors. In particular, Fraenkel, Mushkin and Tassa show that Lemma 1 ([4] ). Define the sequence (T n ) recursively by
then T n is a word of length q n .
If θ is irrational,
If θ = p N /q N is rational, then without loss of generality one may take N even, and then
In the light of this description of the sequence (f n ) the following is our main result: 
Conversely, suppose that W (f θ ) = f θ . We fix a sufficiently large l and observe that there are λ ≤ µ ≤ ν ≤ τ so that we may write
Here the c λ , c µ , . . . , are positive integers and the remnants V λ , V µ , . . . are finite, possibly empty, words too short to allow replacement of any of the parameters λ , . . . or c λ , . . . by a greater one. Plainly, invariance entails that
We interrupt the argument to mention the simple but very effective Proof. Suppose not. Let u be the shortest nonempty word for which there is a counterexample v , and let v be the shortest nonempty counterexample for that u . Then u is no longer than v . Looking at the last |v| symbols in uv = vu we see that v = v u for some, plainly nonempty, word v shorter than v . We have uv u = v u 2 , so uv = v u ; thus, u commutes with v . By hypothesis, w exists such that u = w m and v = w n . Then v = w m+n , contradicting the hypothesis.
We are indebted to Gerry Myerson for this efficient formulation of the argument.
Returning to the main argument, we note that if θ is irrational then T i is not periodic -that is, it is not a power of some shorter word -so, by Lemma 2, T i cannot commute with any nonempty shorter word, or, indeed, with any longer word that is not a power of T i . Suppose first that µ < ν . We note, incidentally, that this cannot lose generality on increasing l if necessary, for, whatever, we cannot have
It follows that V µ must be empty for the apparent alternative V µ = T µ−1 and
, contradicting the condition defining the remnant V µ . On the other hand, suppose that
µ V ν , and if V µ is not empty then c µ = c ν and, because V ν is shorter than T µ , necessarily
Clearly we must have λ < µ, since c λ = 0 contradicts the definition of λ . Plainly then, we cannot have T ν = T τ , for, as just explained, that leads to µ < ν . On the other hand, ν < τ entails V ν is empty, which is absurd. Thus, in fact, always µ < ν . The preceding argument similarly entails that both V λ and V ν are empty, so it follows that T
Arguing similarly with l replaced by l + 1 we see that also c µ = 1 whence a l+2 = a µ+1 = a λ+2 . That is, we have
Clearly a l+1 > a λ+1 is impossible, whereas if a l+1 < a λ+1 , then we must have
Repeating this argument, we see that = [ 0 , 1 , a 2 , a 3 , . . . , a n ] > 1/2 and a n ≥ a 2 , when the string = [0 , a 1 , a 2 , . . . , a n ] < 1/2 and a n + 1 ≥ a 1 ≥ 2, when the string
Corollary. An irrational θ admits a substitution W , so that W (f θ ) = f θ , if and only if (a) θ
Proof. It is easy to check case (a) and to confirm that
The other case is similarly straightforward.
Some substitutions
It is not too difficult to verify that the Corollary matches the result of Crisp et al. Let R , G k , H k denote the substitutions
To verify the correspondence between our present results and those of [3] we need just the following
where a n ≥ a 2 ; whereas if θ < 1/2 ,
where a n + 1 ≥ a 1 ≥ 2.
Proof. We shall check only the first relation. The others are confirmed in much the same way.
Since G a n −a 2 (1) = 1, it is sufficient to show that
When n = 3, 1
When n = 4, (1
On the other hand, Brown [2] uses the substitution
Then we have 2n T 2n+1 T 2n 0 −1 for any non-negative integer n (see [5] , p. 299 concerning this notation), it immediately follows that f 0 f 1 f 2 f 3 · · · is invariant under the substitution 
